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Abstract. The theory of thermal microwave emission from a bounded medium containing
random nonspherical discrete scatters is studied. It is known that for a medium of constant
temperature the emissivities can be related to the bistatic scattering coefficients. Such
relations hold for the four Stokes parameters. The down-welling polarimetric emission of the
rain can be computed by means of the radiative transfer equation, which contains the four
Stokes parameters. In order to apply the above equation to a realistic rain event, raindrop
shapes have to be taken into account in the computation of the scattering amplitudes. Those
shapes were obtained by Pruppacher and Pitter and are quite different from a sphere when
the size increases. In this paper a procedure based in the Boundary Element Method (B.E.M.)
is presented to compute the scattering amplitudes for each drop shape. Results are then
averaged for all drop radii with a weighting function given by the Laws-Parson law. This law
establishes the relationship between the drop size distribution and the rain intensity. A
Gaussian distribution of the drop canting angle due to the wind has been also considered.
Finally, some numerical results are presented. The scenario consists of a rain cell of 4 Km
height at a uniform temperature, considering the wind effect. The values of the rain intensity
and wind speed and direction have been obtained from realistic measurements recorded by a
meteorological station located in campus. In order to validate these results, the four Stokes
parameters obtained with these simulations were compared with the ones measured by a X-
band polarimetric radiometer developed in our laboratory.
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1 INTRODUCTION
The scattering properties of spherical hydrometeors can be calculated by the use of: a) the
Rayleigh approximation for small spheres in comparison with wavelength, b) the Mie expression for
spheres whose size is comparable to wavelength, and c) optical approximation for spheres much
larger than the wavelength 1.  In practice, many hydrometeors are not spherical, but an ellipsoid or
spheroid can often approximate their shapes. If the ellipsoid size is small compared with a
wavelength a Rayleigh static solution can be used1. For spheroidal obstacles the spheroidal function
expansion method seems to be a good approximation 2.
In many other practical situations, however, the shape of the analyzed object is not that simple.
Therefore, it is necessary to apply a method of determining approximate cross sections for objects
with complex shapes. A number of different methods have been developed for calculating the
scattering of electromagnetic radiation by non-spherical dielectric scatterers. Most of them have been
applied to the scattering by hydrometeors. The most well-known methods are Point-matching, T-
matrix, Unimoment and Fredholm Integral Equation, which are summarized by T Oguchi3. In this
paper the Boundary Element Method is applied for computing electromagnetic fields inside and
outside dielectric scatterers.
2 EMISSION BEHAVIOR OF RAIN
2.1 Theoretical formulation
The down-welling polarimetric emission of the rain can be computed by means of the radiative
transfer equation 4:
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with the boundary condition [ ] TB hzT 0000),,( ==fq , h being the height of the rain cell. This
condition means that any external radiation is neglected with respect to the radiation introduced by
the rain cell.
In equation (1), [ ] TVUhvB TTTTzT =),,( fq  is the Stokes vector containing the vertical
and horizontal brightness temperatures, and TU, TV, are the so-called third and fourth Stokes
parameters that measure the polarization state of the incoming wave.
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The extinction matrix ),( fqek  is given by
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Where n0 is the number of particles per unit of volume, k is the wave number and fpq are the
forward scattering amplitudes.
The phase matrix )',',,( fqfqP  is given by
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and finally the emission vector ),( fqF  is given by
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The solution of equation (1) can be simplified by assuming that forward scattering is dominant and
neglecting multiple scattering. In this case, only forward scattering amplitude factors have to be
known. In order to apply this method to a realistic rain event, raindrop shapes have to be taken into
account in the computation of the forward scattering amplitudes fpq.
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2.2 Drop shape and drop-size distribution
A water drop falling under gravity in a viscous medium such as air takes the form such that the
internal and external pressures at the surface balance with each other. Pruppacher and Pitter5 solved
the pressure balance equation in order to find the real shape of raindrops. A cross-sectional view of
the drops is shown in figure 1 for 13 different equivalent radii. The larger the equivolumetric radius of
the rain drop, the larger the difference from the spherical shape. The Figure 2 shows the Laws-
Parsons equivalent radii distribution vs. Rain rate 6. Note that the mean equivalent raindrop radius
increases at higher rain intensities and so do their standard deviation. This means that in the steady
state of a typical rain event, when drop fusion and breaking compensate each other, there are drops
of a large variety of sizes.
Figure  1: Shape of a raindrop for equivalent radii: 0.25, 0.50 ... 3.25 mm
1 2 3 4 5 6 70
10
20
30
40
50
60
Drop diameter (mm)
%
 to
ta
l v
ol
um
e
0.25 mm/hr
1.25 mm/hr
2.5 mm/hr
5 mm/hr
12.5 mm/hr
25 mm/hr
50 mm/hr
100 mm/hr
150 mm/hr
0
Figure 1: Laws and Parsons equivalent radii distribution vs. rain rate
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3 BOUNDARY ELEMENT METHOD TO SOLVE SCATTERING AMPLITUDE
FACTORS
In this section, the detailed mathematical steps to obtain a matrix equation to analyze the
raindrops using the Boundary Element Method (BEM) are presented.
3.1 Boundary Element Formulation
The formulation of the problem is in terms of a surface integral equation. Assuming that V is a
source-free region filled with a homogeneous material and bounded by a surface S, as it is shown in
figure 3, this surface is divided in curvilinear elements.
As derived in 7 and assuming jwte time dependence, the integral equation for node i located at rr
on S is:
( ) ( ) ( ){ } ,'ˆˆˆ ''ò Ñ××+Ñ´´+´= S iiiii dSGHnGHnGEnjH
rrr
wea (5)
where
( ) ,''ò -= Vi dVrr
rrda (6)
and
w angular frequency
e permittivity of the dielectric
Gi free space Green’s function
R distance between the field point and the source point on the surface
The surface is discretized by using Finite Element Method with second order isoparametric
elements. The fields on each element are approximated using the same weighting functions as in
surface discretization.
If equation (5) is applied at each node successively, a system of equations is obtained whose
unknowns are the nodal values of the fields. This set of equations can be expressed as
Figure 3: The geometry of the problem
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[ ] [ ] [ ][ ] ,tanECHD = (7)
where [D], [H], [C] and [Etan] are the complex submatrices of fields and coefficients7.
3.2 BEM applied to raindrop scatters
In order to apply equation (7), the total space is divided in two homogeneous regions, as
illustrated in Figure 3. The inside of the raindrop, named region R1, is water with permittivity e1 and
permeability m0. The free space region is denoted as R0 and the surface S refers to the boundary
between the drop and the exterior region.
The plane wave incident on the hydrometeor induces a transmitted field inside the drop and a
scattered field outside. iE
r
denotes the electric field of the incident wave, whose polarization is
expressed by a unit vector êi, 1K
r
 is a vector directed towards the direction of propagation of the
incident wave
,1 rKjii eeE
rr)r -= (8)
SE
r
denotes the electric field of the scattered wave, and 2K
r
 is a vector directed from the origin to
the observation point. In the far field region the scattered electric field is written as
( ) ,
),( 21 jkrs e
r
KKf
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where unit incident wave is assumed, k is the free-space propagation constant, and f is a function
called vector-scattering amplitude that gives not only amplitude information, but also phase and
polarization information of the scattered field.
The quantity of primary interest is the vector scattering amplitude. As it is seen in section 2.1, the
most important one is the forward scattering amplitude functions ( 21 KK
rr
= ). This function is
obtained from the solution of the boundary value problem at the surface of a hydrometeor as it is
explained below.
The Total Fields are the sum of the incident fields plus the scattered ones:
,SiT EEE
rrr
+= (10)
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Considering that R1 is bounded by S, the matrix equation for this region takes the form
[ ][ ] [ ] [ ],1111 TtanT ECHD = (12)
where the superscripts indicate the region from which the fields are calculated. In the same way, the
matrix equation is defined in terms of the scattered fields for the external region (free space)
[ ] [ ] [ ][ ].0000 StanS ECHD = (13)
Next, the boundary conditions on the surface are applied, that is, the tangential electrical and
magnetic field must be continuous across S. The final matrix equation for the unknown fields can be
expressed as
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This equation is then solved applying of the conjugate gradient method. Then, using the field
equivalence principle, it is possible to find the far fields from the tangential components of fields on S
(equivalent currents) and from the vector scattering amplitude.
4 SIMULATION RESULTS
This section presents some numerical results. In the following, bistatic scattering patterns for some
Pruppacher-Pitter raindrop shapes for an equivolumetric sphere of 3 mm (illustrated in figure 1)
computed by BEM at 34.8 GHz are presented in Figure 4. These results agree very well with those
obtained by Oguchi 3. The direction of propagation of the incident wave is on the xˆ axis and the two
polarizations are considered (vertical polarization on zˆ direction and horizontal on yˆ direction).
Figures 4(a) and 4(b) correspond to the patterns for the copolar-scattered field in the vertical and
horizontal planes, respectively. They demonstrate that forward scattering is dominant in both cases.
The lack of symmetry of the drop shape produces a slightly difference in the amplitude of the two
copolar-scattered fields. Figures 4(c) and 4(d) correspond to the patterns for the cross-polar
scattered field, which does not exist for spheroidal drops.
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The real and imaginary parts of the amplitude vector function calculated using the Boundary
Element Method are presented in figure 5. They are in good agreement with Oguchi results8. In the
same figure, the Rayleigh approximation is overlaid to show that this approach is only valid for small
raindrops.
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Figure 4 : Bistatic scattering power patterns of a Pruppacher-Pitter raindrop. Equivolumetric radius is 3.0 mm;
frequency is 34.8 GHz. Scattering patterns in the XY plane. Polarizations of the incident and scattered waves are (a)
vertical-vertical, (b) horizontal-horizontal, (c) vertical-horizontal, (d) horizontal-vertical
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Figure 5: Real (a and c) and imaginary (b and d) part of the amplitude scattering functions as a function of raindrop radii. The
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5 EXPERIMENTAL RESULTS
This section presents some measurements obtained with an X-band polarimetric radiometer,
shown in figure 6. Table 1 lists its main performances. The elevation of the antenna beams is 30º.
Figure 6 shows their orientation and that they cover three meteorological stations (white dots) of the
rain gauge network of the city, as well as the one located on the same UPC Campus (ESCRA). The
measured four Stokes parameters have been compared with those computed with the algorithm
presented in this paper. The scenario in the simulations consists of a rain cell of 4 Km height at a
uniform temperature under wind effect.
Parameter
DqE,H-3dB  30º, 20°
Cross-polar level -25 dB
Side Lobe Level  -20 dB
f0 10.68 GHz
B 40 MHz
TR1,2 ~ 90 K, 120 K
Dicke radiometer: t
(H/V switched)
0.5 s x N (N: averaging)
Polarimetric radiometer: t 1 ms – 65 s @ 66  MHz
. 1B/2L dig.correlators. fs < 100 MHz
Table 1: Polarimetric radiometer parameters Figure 6: X-band polarimetric radiometer at the
Microwave lab. (UPC, Barcelona).
Figure 7: Map of (o) Barcelona’s rain gauge network  and () location of
the polarimetric radiometer
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The data available from the rain gauge network is the 5 min rain rate, and those from ESCRA the
30 s rain rate and the 5 s mean and standard deviation of the wind speed and direction. The data
recorded by the rain gauge network and ESCRA station are summarized in Figure 8: 8a) plots rain
intensity, meanwhile 8b) plots the wind direction data during ts same period of time by ESCRA
station. This measurements where regisrerred on August the 18th, 1998. Due to the wide antenna
pattern, Th and Tv are integrated measurements of all rain cells taking place within the field of view of
the antenna. At a given moment, it could be raining at one rain gauge station and not at others. This is
the reason of some differences on plots in 8b).
Figure 9 compares simulation results with the presented algorithm, considering the measurements
presented in figure 8 for the August the 18th 1998, versus the maesurements taken by the X-band
radiometer shown in figure 6. The four stokes parameters are compared. As expected, Th is slightly
higher than Tv. At this point it should be pointed out that in the configuration shown in figure 6, some
radiation was inevitably collected from the environment through the secondary lobes, which is
responsible for the high Th and Tv values in the absence of rain.
  Figure 9 shows non-zero third and fourth Stokes parameters. Due to the different rain rates
measured at each station, it is difficult to infer a relationship between TU and TV and the wind speed.
They seem to be modulated by both the rain rate (note the peaks in ESCRA rain rate data and those
in TU), as well as by the wind intensity. The TV values, comparable to those of TU, cannot be
explained by the former theory.
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Figure 8: Measurements of August the 18th , 1998: a) Rain intensity data recorded by three stations of rain
gauge network. b) Wind direction data recorded by ESCRA station.
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Figure 9:Four Stokes parameters: simulation (left col.) vs measurements with X-band radiometer (right col.)
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6 CONCLUSIONS
Forward-scattering amplitudes of raindrops are computed for a real raindrop shape given by
Pruppacher and Pitter. Horizontal and vertical polarizations are considered in the incident field. The
boundary-value problem is solved by the BEM and has been compared with the point-matching
method presented by other authors.
Some preliminary results have been obtained for a rain cell of 4Km height at a uniform
temperature considering the wind effect. The values of the rain intensity and wind speed and its
direction have been obtained from realistic measurements recorded by a meteorological station.
These simulations have be compared with the ones measured with a polarimetric radiometer
developed in our laboratory.
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